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Abstract 

Taking configuration space as a Lie group, the trivialized Euler-Lagrange 
and Hamilton’s equations are obtained and presented as Lagrangian sub¬ 
manifolds of the trivialized Tulczyjew’s symplectic space. Euler-Poincare 
and Lie-Poisson equations are presented as Lagrangian submanifolds of the 
reduced Tulczyjew’s symplectic space. Tulczyjew’s generalized Legendre 
transformations for trivialized and reduced dynamics are constructed. 
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1 Introduction 

Let Q be the conhguration space of a mechanical system. The two wings of the 
Tulczyjew triplet 

T*TQ^ - — - TT*Q - — - ^T*T*Q (1) 
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defines two different special symplectic structures for Tulczyjew’s symplectic space 
TT*Q. A Lagrangian L on TQ (or a Hamiltonian H on T*Q) generates a La- 
grangian submanifold Stt*q of TT*Q. Legendre transformation is, then, a trans¬ 
formation between realizations of the same Lagrangian submanifold with two 
different functions, whose Hessians may be degenerate, and special symplectic 
structures. 

In [14], the right and left global trivializations of Tulczyjew’s triplet (1) were 
adapted for Lie groups 



where g is Lie algebra of the group G, g* is the dual of g, the superscript 1 denotes 
the global trivialization of the hrst kind that lifts the Lie group action to iterated 
bundles. 

In this work, we shall study the Lagrangian dynamics on the global trivial¬ 
ization TG ~ G(S)g and the Hamiltonian dynamics on T*G ~ G(S)g*. We shall 
present trivialized Euler-Lagrange and trivialized Hamilton’s equations as La¬ 
grangian submanifolds of the trivialized Tulczyjew’s symplectic space ^TT*G. 
We shall then obtain Legendre and inverse Legendre transformations and, arrive 
at Morse families on G(S) (g x g*) with hbrations over g* and g, respectively. 

For right invariant Lagrangian and Hamiltonian dynamics, we shall present 
Euler-Poincare and Lie-Poisson dynamics as Lagrangian submanifolds of the re¬ 
duced Tulczyjew’s symplectic space 3 ^ = Ga x 0 * x 0 of the reduced trivialized 
triplet 



which will be achieved by means of the Lagrange-Dirac derivative Dl : 0 — 3 ^ 
and the Hamilton-Dirac derivative Dh : g —?■ 3 ^ on the reduced Lagrangian and 
Hamiltonian functions, respectively. The peculiarity of the diagram (3) is that 
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the right and left wings are not special symplectic structures in the usual classical 
sense. We shall replace h with T*g and ih with T*q* to solve this problem. It 
turns out that, in the reduced diagram (3), the Morse families are dehned on 

g X g*. 

In the next section, we shall briefly review the Legendre transformation in the 
sense of Tulczyjew, and recall the dehnitions of special symplectic structures and 
Morse families. In section 3, we shall derive trivialized Euler-Lagrange, trivialized 
Hamilton’s, Euler-Poincare and Lie-Poisson equations. In section 4, geometry of 
the trivialized Tulczyjew’s triplet in diagram (2) will be summarized. We shall 
represent trivialized Euler-Lagrange and trivialized Hamilton’s equations as La- 
grangian submanifolds of ^TT*G. Legendre transformations of trivialized dynam¬ 
ics will be established. In section 5, we shall start with the reduced Tulczyjew’s 
triplet in diagram (3) and present Euler-Poincare and Lie-Poisson dynamics as 
Lagrangian submanifolds of 3 ^- We shall then establish the Legendre transforma¬ 
tions of reduced dynamics. In the last section, we shall present the example where 
G is the group of diffeomorphisms on a manifold. 
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2 Tulczyjew’s Construction of the Legendre Trans¬ 
formation 

2.1 Special Symplectic Structures 

Let P be a symplectic manifold carrying an exact symplectic two form tip = 
d'd'p. A special symplectic structure is a quintuple (P, tt^, At, ■dp, x) where tt^ : 

P ^ At is a fibre bundle and X : P —!■ T*At is a fiber preserving symplectic 
diffeomorphism such that = '^v for dT*M being the canonical one-form on 

r*At. X can be characterized uniquely by the condition 

{x{p)^X^{x)) = (t9p(p),X^(p)) 

for each p G P, vr^ (p) = x and for vector helds and satisfying (vr^) ^ X^ = 
X^ [21, 30, 33]. A real valued function F on the base manifold At dehnes a La- 
grangian submanifold 

*Sp = {p e P : d(Pop^) (p) = 79p(p)} (4) 

of the underlying symplectic manifold (P, tip = d'dp). The function F together 
with a special symplectic structure (P, vr^. At, ■dp, x) are called a generating fam¬ 
ily for the Lagrangian submanifold S-p. Since x is a symplectic diffeomorphism, 
it maps iSp to the image space im {dF) of the exterior derivative of F, which is a 
Lagrangian submanifold of T*At. 

2.2 Morse Families 

Let (P,7r^,At) be a hbre bundle. The vertical bundle W over P is the space 
of vertical vectors U G TV satisfying TttJ^ (U) = 0. The conormal bundle of FP 
is dehned by 

f/op = {a G T*V : {a, U) = 0, VP G VV} . 

Let P be a real-valued function on P, then the image im {dE) of its exterior 
derivative is a subspace of T*V. We say that P is a Morse family (or an energy 
function) if 

T,im (dE) + T,V^V = TT*V, (5) 
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for all z e im (dE) fl V^V, [5, 22, 33, 34, 35, 37]. In local coordinates (a:“,r*) on 
the total space V indnced from the coordinates (a;“) on Ai, the reqnirement in 
Eq.(5) rednces to the condition that the rank of the matrix 

/ d‘^E d‘^E \ 

\dx°-dx^ dx°-dr^) 

be maximal. A Morse family E on the smooth bundle generates an 

immersed Lagrangian submanifold 

= {Am e T*M : = dE {p)} (6) 

of {T*M.,VLt*m)- Note that, in the dehnition of St*Mi there is an intrinsic re¬ 
quirement that TT^ {p) = tit^m (Ax)- 

2.3 The Legendre Transformation 

Let {Vyfl-p = d'dp) be an exact symplectic manifold, and {V,7iJ^,Ai,'dp,x) be a 
special symplectic structure. A function F on At dehnes a Lagrangian subman¬ 
ifold S-p (Z V as described in Eq.(4). If Sp = im(T) is the image of a section 
T of (P, tt]^. At) then we have x ° L = dE. Assume that (P, tt^,. At', y') 
is another special symplectic structure associated to the underlying symplectic 
space {V,Qp). Then, from the diagram 



it follows that the difference 'dp — idp of one-forms must be closed in order to 
satisfy Qp = d'dp = dd'-p. When the difference is exact, there exists a function A 
on P satisfying dA = 'dp — 'dp. If Sp is the image of a section T' of the hbration 
(P, TT^,, At'), then the function 

P'=(Po7rX,+A)oT' (8) 

generates the Lagrangian submanifold Sp [32, 34, 35]. This is the Legendre trans¬ 
formation. If, Ending a global section T' of tt^, satisfying im(T') = Sp is not 
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possible, the Legendre transformation is not immediate. In this case, dehne the 
Morse family 

E = F o vrX, + A (9) 

on a smooth snbbnndle of (P, tt^,, A4'), where E satishes the reqnirement (5) 
of being a Morse family. Then, E generates a Lagrangian snbmanifold St*m' oii 
T*Ai' as described in Eq.(6). The inverse of x' maps St*m' fo <S-p bijectively, that 
is Sp = (x') ^ 

2.4 The Classical Tulczyjew’s Triplet 

In this section, we will choose the symplectic manifold (P, tip = d'd-p), in the 
diagram (7), to be the Tnlczyjew’s symplectic space (TT*Q, Qtt*q)- Here, Qtt*q 
is the symplectic two-form with two potential one-forms "di and 192 obtained by 
derivations of canonical one-form 0t*q and the symplectic-two-form Qt*q on T*Q, 
respectively. The resnlting special symplectic strnctures 

T*TQ^ _ — _ TT*Q _ — _ ^T*T*Q (10) 



where, the mnsical isomorphism is indnced from flr*Q, and ag is a diffeo- 

morphism constrncted as a dual of canonical involntion of TT Q. They satisfy 

( 17 ^* 2 ) 9t*t*q = 'di, <P*q9t*tq = '^2: (11) 

where 6t*t*q and 9t*tq canonical one-forms on the cotangent bnndles T*T*Q 
and T*TQ, respectively. 

The generalized Legendre transformation of Lagrangian dynamics on the tan¬ 
gent bundle TQ can now be constructed as follows: First, present the dynamics 
as the Lagrangian submanifold of the Tulczyjew’s symplectic space TT*Q. Take 
the image im {dL) of exterior derivative dL which is a Lagrangian submanifold 
of T*TQ. Map im{dL) by the symplectic diffeomorphism ag to a Lagrangian 
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submanifold Stt*q of TT*Q. Alternatively, use the equality 


{TTTQ)*dL = ^2 ( 12 ) 

to obtain Stt*q- Next, generate the same Lagrangian submanifold Stt*q from 
the right wing (the Hamiltonian side) of the triplet (10). To achieve this, use a 
Morse family dehned on the Pontryagin bundle 

PQ = TQxqT*Q 

over T*Q. The Morse family dehnes a Lagrangian submanifold St*t*q of 

T*T*Q. The symplectic diffeomorphism maps St*t*q to the Lagrangian 

submanifold Stt*q obtained by means of the Lagrangian function L. This com¬ 
pletes the construction of the Legendre transformation. 

For a non-degenerate Lagrangian, the Morse family E^^^ on PQ can be 
reduced to a Hamiltonian function H on T*Q. For degenerate cases, a reduction 
of the total space PQ to a subbundle larger than T*Q is possible depending on 
degeneracy level of Lagrangian function [5]. 

The inverse Legendre transformation, that is to hnd a Lagrangian formulation 
of a Hamiltonian system, can be done pursuing the same understanding. The 
musical isomorphism maps the image —im{dH) of exterior derivative of a 

Hamiltonian H on T*Q to a. Lagrangian submanifold S'j,rp,Q of the Tulczyjew’s 
symplectic space TT*Q. S^j,,q can either be dehned by the equality 

-{TT*QTdH = ^,, (13) 

or as the image of Hamiltonian vector held —Xh ■ The inverse Legendre transfor¬ 
mation of the dynamics is meant to generate S'j^rp^Q by a generating family over 
the tangent bundle TQ. This can be done with a Morse family E^^^ on the 
Pontryagin bundle PQ with hbration over TQ. The Morse family E^^^ dehnes 
a Lagrangian submanifold S^*rpQ of T*TQ and, the symplectic diheomorphism 
CTQ m.apS Srp:^;rpQ to q. 

In hnite dimensions, introducing the coordinates (q, p; q, p) on TT*Q induced 
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from Darboux’ coordinates (q, p) on T*Q, one finds the symplectomorphisms 


as (q, p; q, p) = (q, q; p, p), ^t*s (q^ p; q^ p) = (q^ p^ -p^ q) > 

and the potential one-forms 

= p • dq - q • dp, '^2 = P ■ dq +p ■ dq, (14) 

where the difference '^2 — 'di is the exact one-form d (p ■ q) on TT*Q. The La- 
grangian snbmanifold Stt*q, dehned in Eq.(12), is 

VqT(q,q) = p, VqL(q,q)=p, 

which can be written as a second order Enler-Lagrange eqnation d(VgL) /dt = 
VqL. The energy fnnction 

(q, p, q) = p ■ q + L (q, q) , 

satishes the requirements, given in Eq.(5), of being a Morse family on the Pontrya- 
gin bundle TQ x T*Q over the cotangent bundle T*Q. Hence, generates 

a Lagrangian submanifold St*t*q of T*T*Q as dehned in Eq.(6). In coordinates 
(q, P, Pq, Pp) of T*T*Q, St*t*q is given by 

Pg = S/qE^^^ = VqL, Pp = VpE^^^ = q, 0 = VqE^^^ = p - VqL. 

The inverse musical isomorphism maps St*t*q to Stt*q- When the La¬ 

grangian function is non-degenerate, then the Morse family reduces to the Hamil¬ 
tonian function 

^ (q, p) = p • q (q, p) + ^ (q, q (q, p)) 

on T*Q. In coordinates (q, p; q, p) on TT*Q, the Lagrangian submanifold S'rprp,Q, 
dehned in Eq.(13), is the Hamilton’s equations 

q = Vpid(q,p), p =-Vqid(q, p). (15) 


The Morse family 


(q, p, q) = -p ■ q + df (q, p) 


on the Pontryagin bundle TQxT*Q over T Q defines the Lagrangian submanifold 
S'rp*TQ of T*TQ. In coordinates (q, q, P^, P^) of T*TQ, S^^.rpQ is given by 

Pg = = VqH, Pq = VqE^^^ = -p, 0 = VpE^^^ = VpH - q. 

The inverse of the isomorphism ag maps S'j^^rpQ to S^rpt.Q. When the Hamil¬ 
tonian function is non-degenerate, then the Morse family reduces to the non¬ 
degenerate Lagrangian 

L (q, q) = -p (q, q) ■ q + i/ (q, p (q, q)) 


on TQ. 
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3 Dynamics on Lie Groups 

3.1 Notations 

G is a Lie group. Its Lie algebra g ~ T^G is assumed to be reflexive. The dual of 
g is = Lie* {G) ~ T*G. Throughout the work, we shall designate 

g,heG, ^,r/,Ceg, /i,z/,Aeg*. (16) 

For a tensor held which is either right or left invariant, we shall use Vg G TgG or 
Og & T*G etc... For an arbitrary manifold At, we shall use 

u,veM, K, G T^M, G T*M (17) 

to denote vectors and one-forms over specific points. We shall denote left and right 
multiplications on G by Lg and Rg, respectively. The right inner automorphism 

Ig = Lg-i o Rg (18) 

will be a right action of G on G satisfying Ig o R = Rg. The right adjoint action 
Adg = TRg of G on g is defined as the tangent map of R at the identity e G G. 
The infinitesimal right adjoint representation ad^g is [^, g]^ and it is defined as 
the derivative of Adg at the identity. A right invariant vector held on G can 
be obtained by right translation 


Xf{g)=RRgi (19) 

of ^ G g for each g E G. The identity 

K,r,|= (20) 

gives the isomorphism between g and the space (G) of right invariant vector 
fields endowed with the Jacobi-Lie bracket. The coadjoint action Ad* of G on the 
dual g* of the Lie algebra g is a right representation and is the linear algebraic 
dual of Adg-i, namely, 

{Ad*gfi,^) = R,Adg-R) ( 21 ) 
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holds for all G g and /i G g*. The inhnitesimal coadjoint action ad^ of g on g* 
is the linear algebraic dual of ad^. Note that, the inhnitesimal generator of the 
coadjoint action Ad*g is minus the inhnitesimal coadjoint action ad’^, that is, if 
C G is a curve passing through the identity in the direction of ^ G g, then 


d 

dt 


Ad*gtfi 

t=o 


ad’^jj.. 


The right trivialization maps on TG and T*G are dehned to be 


tr^G ■ TG —)■ G©g : Ug —)■ {g,TgRg-iUg) , 

tr^^G ■ T*G —)■ G©g* : ag —)■ {g,T*Rgag). 


( 22 ) 


(23) 

(24) 


We refer to [14] for further details about the right actions and representations. 


3.2 Lagrangian dynamics 

For a Lagrangian density L ; TG —)■ M, dehne the unique function L on G©g by 

1(3,0 = lot4^(V,) = L(V,), (25) 

where ^ = TgRg-iVg. The variation of the hber (Lie algebra) variable ^ can be 
done by the reduced variational principle [10, 7, 14, 17, 18, 23, 26] 


= ’? + IS.'d- 


(26) 


Proposition 

dynamics 


A Lagrangian density L on G©g defines the trivialized Euler-Lagrange 


dt 6^ 


6L dL 


(27) 
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Proof Using reduced variational principle, one computes 


^ I L{g,i)dt = 

'5L 




+{^-^^9+%ri\) \dt 


5L 


,V 


+ 


5L \ / d6l dL 


dt 


1 ddgRg-iSg 


t:r,J-^,s3 


+ 


+ 


SL 


.6L d6L 


-,Sg^+{^adl----,T,R,-,Sg} dt 




+ TgRg-1 I ad*3-;rz — 


.6L d 6L 


5^ dt 5^ 


, 6g ) dt. 


and the conclusion follows if 5g vanishes at boundaries. 


The trivialized Euler-Lagrange equation (27) is defined over the identity e G G. 
Because 6L/5g G TfG and the functor TfRg takes this to the dual space 0 * = TfG. 
Eq.(27) appeared in [11] with the missing operator TfRg. It also appeared in some 
recent works [ 8 , 9] on the higher order Lagrangian and Hamiltonian dynamics on 
trivialized iterated bundles of Lie groups. See also [ 6 ]. 

When the Lagrangian L is independent of g, that is, L{g,^) = I and L on 
TG is right invariant, then Eq.(27) reduces to the Euler-Poincare equation 


61 d 61 

“ JtTf 


0 . 


(28) 


3.3 Hamiltonian dynamics 

By pushing forward the canonical one-form 9t*g and symplectic two-form ULt*g 
on T*G with the trivialization map tr^,Q, G© 0 * can be endowed with an exact 
symplectic two-form Hcgig* = d9G@g*- If 

(9, u) = {TeRg^, ^ + adf/i) , 

is a right invariant vector field at the point ((?,/i) G G©0* generated by the 
Lie algebra element (^, u) G Lie (G©g*) ~ 0(S)0* then, the values of canonical 
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one-forms ^cgig* and fiG®0* on {g,fi) are [ 1 , 14 ] 

(W.®S')(9.a) = (29) 

(jiG®,.;(A'gf,.Y°®f ))(<,,,*) = (i^,r,)-(A,0 + (A.[e.>i) (30) 

which are considered for linearizations of Hamiltonian systems in [26] and, for 
higher order dynamics in [ 8 ]. Let iL be a fnnction on T*G and define H : 

® by Hotr^,Q = H, that is, for ag = T*Rg-ifi, we have H {g, g) = H (a^) 
and Hamilton’s eqnations on (G(S) 0 *, Hg© 0 *) ai'e 


i „G@g* flG®0* 
H 


= -dH. 


(31) 


Proposition The Hamiltonian vector field , defined in Eq.(31), is gener¬ 

ated by the element 


-T*R 




of the Lie algebra g(®g* of G(^q* and components of X^®^^ are given by the 
trivialized Hamilton’s equations 


dt 


(f 


dg 

dt 


adgfj g 

5g 


' ’Sg- 


(32) 


Note that the second term on the right hand side of the second eqnation in 
Eq.(32) is a conseqnence of the semidirect prodnct strnctnre on G(§) 0 *. Accord¬ 
ingly, if we let H to be independent of the group element, that is, H {g, g) = h (g) 
and H on T*G is right invariant, then the trivialized Hamilton’s equations (32) 
reduce to 


dt 


TeRg 



dg 

dt 


ad sh g- 

5g 


(33) 
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The canonical Poisson bracket on G©g* is 


ft 


G(Ds 

A / 


= (t:r 


G(s)g 1 _T-i* p 

6K 6F 


{g,fi) - ^G®d* [^F 
^G©g* 

1 ^ ( Sk _rp^ 




5F '' 
‘9 Sg , 


6g ’ (5/i 


- t:r 


6g ’ (5/i 



5F 5K 
6g ’ (5/i 


for two function(al)s F and K defined on G©g*. The Poisson bracket { , }( 5 @g* 
is non-degenerate. When F and K are independent of the group variable g ® G, 
that is, F = f (/i) and K = k (/i), we have the Lie-Poisson bracket 


{/, ^Ig* (h) 



'5f_ 5k 

_5g 5/iJg 


(34) 


on the dual space g* [3, 18, 23, 19]. This is a manifestation of the fact that the 

projection G(s)g* g* is the momentum map for the cotangent lifted left action 

of G on G©g*. In this case, the dynamics is driven by the Hamiltonian vector 
* 

held satisfying 

{/,*},. =-(d/.jff) 

for a given Hamiltonian function(al) h on g*. More explicitly, the value of Hamil- 

n* 

tonian vector held X® at /i G g* is dehned by the Lie-Poisson equations 

^ = ad*shg. (35) 

at Sfj. 

We shall refer to both of the equations in (33) and (35) as Lie-Poisson equations 
[26]. 
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4 The Trivialized Dynamics 

4.1 Trivialization of the Tulczyjew’s Triplet 

The tangent and cotangent lifts of the group structure on G dehne group structures 
on TG and T*G, respectively. The trivialization maps tr^Q and tr^*Q on TG and 
T*G are defined in such a way that they are not only diffeomorphisms but also 
group isomorphisms [16, 20, 24, 25, 26, 27, 28]. For iterated bundles, with the 
same understanding of trivializations we obtained [14] 

i4*(G®0) : T*{G®q)^{G®q)®{q* XQ*)= ^T*TG (36) 

: [ag, a^) [g, T*Rg (ag) + ad*^a^, a^) , 

: T*T*G^{G®g*)®{g*xg)= ^T*T*G (37) 

{o-g, otg) —)■ ^ 5 ') ^^1 i^g) ~ ’ 

^ 4 (g® 0 *) : TT*G^{G®g*)®{g®g*)= ^TT*G (38) 

: {Vg, Vg) [g, fi,TRg-iVg, Vg - . 

Although, not unique, this way of trivializing iterated bundles enables us to per¬ 
form reductions of Tulczyjew’s triplet. 

The symplectic two-forms on the trivialized bundles ^T*TG, ^t*T*G and 
iTT*G have been constructed based on the fact that the trivialization maps 
^^r*(G® 0 )’ ^^T*(G® 0 *) ^^T(G® 0 *) symplectic diffeomorphisms. The trivialized 

Tulczyjew’s triplet 



consists of trivialized symplectic diffeomorphisms and and projections 
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whose local expressions are 


Vg : 

ITT*G 

—)■ ^T*TG : {g, /r, v) — >• i^g, + ad’^fx, /i) , 

(40) 

^^G®g* : 

ITT*G 


G : {g, /i, ly) {g, /i, z/ + ad^/r, -^) , 

(41) 

'Tttg : 

ITT*G 

—)■ G©0 ; 

(d,A,'^,«2) ^ (^,0, 

(42) 

^7rG®g* : 

^T*T*G G®q* 

^ : (d,A,i2,^) ^ (^,/i) , 

(43) 

^7rG®g : 

IT*tG 

—)■ G(s)0 : 

(d,^,A,«2) ^ (^,0- 

(44) 


4.2 Trivialized Tulczyjew’s Symplectic Space 

Lie algebra of the group ^TT*G is the semi-direct product (0(E>0*) (§) (0(§)0*)- A 
Lie algebra element 


{^ 2 , 1 ^ 2 , ^ 3 , 1 ^ 3 ) e (0(§)0*) (§) (0(S)0*) 


dehnes a right invariant vector held on ^TT*G by the tangent lift of right trans¬ 
lation in ^TT*G. At a point a right invariant vector held takes the 

value 


= (TRg^ 2 , t ^2 + '^3 + 6]^, . (45) 

By requiring the trivialization be a symplectic mapping, we obtain an exact 

symplectic structure r2iTT*G with two potential one-forms 6 i and 62 on ^TT*G. 
At a point G ^TT*G, the values of the potential one-forms 9i and 62 

on the right invariant vector held of the form of Eq.(45) are 

+ (46) 

(^2, '^ 3 ) + («2, 6) + ['C, > (47) 

respectively. At the same point, the value of symplectic two-form ^2 itt*g two 
right invariant vector helds is 


n itt*g; (A^(a^^J.i^3)’^(a^J2|3,P3))) - (^3,6) + {^ 2 ,^ 3 ) - {^ 2 ,^ 3 ) - {^ 3 ,^ 2 ) 

+ (/i, + [6,l3]g A [6,6]^ ^ ^ 
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Existence of potential one-forms in Eqs.(46) and (47) leads ns to define two special 
symplectic strnctnres 


( 'TT*G, e,, (48) 

( ^TT*G, ^Tttg, ^T*TG, 02, ^ac) , (49) 

on the trivialized Tnlczyjew’s symplectic manifold {^TT*G,Q ^tt-g)- The strnc¬ 
tnres in Eqs.(48) and (49) are the right and left wings of the trivialized Tnlczyjew’s 
triplet (39), respectively. We refer to [14] for details. 

4.3 Trivialized Lagrangian Dynamics as a Lagrangian Sub¬ 
manifold 

Proposition Let L be a Lagrangian on G© 0 , then the Lagrangian submanifold 
S itt*g defined by the eguation 


( iT7rG)*dZ = 02, (50) 

gives the trivialized Euler-Lagrange eguations (27). Here, the projection ^Ttig is 
given by Eg. (42) and 02 is the one-form in Eg. (47). 

Proof Under the global trivialization ^TT*G ofT (G© 0 *), given in Eg. (38), the 
Lagrangian submanifold described by Eg. (50) becomes 

S,TT.c = l(3f-^,erRfLG ‘rr-G:(9.OeG(D0|. (5i) 

To relate this to the trivialized Euler-Lagrange eguations (27), we recall the recon¬ 
struction mapping 

(^’"T(G(Dg*)) • ^TT*G —)■ T (G(s)g*) : {g, fi, f, u) (^g, fi,TRgf^, v E ad*^p) , 

(52) 

computed from Eg. (38). (^^^r(G(i) 0 *)) maps S itt*g to the Lagrangian subman¬ 
ifold 

f f SL 6L SL \ 1 

*S't(G{D0 *) = I \ 9y ^ ^ ^tt*g '■ {di i) ^ GCDflj (53) 
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ofT (G(s) 0 *) and this determines the trivialized Euler-Lagrange eguations (27). 

As mentioned in the context of general theory, an alternative way to obtain 
S itt*g is to consider a function L on G(s )0 together with the special symplectic 
structure (49). This time using the trivialization in Eq.(36), we obtain 

the trivialization of exterior derivative ^dL := tr ^^,which dehnes, through 
im ()-dL)j , the Lagrangian submanifold 

S,T-TG=Ua,!;,T:R,^ + ad(^,^'\e 'rTG:(9,0eG(|)B} (54) 

of ( 'TTG, ■nT-(G(|,.))- The inverse of the diffeomorphism in Eq.(40) 
takes the Lagrangian submanifold im ( ^dL^ in Eq.(54) to the Lagrangian sub¬ 
manifold S itt*g in Eq.(51). 

4.4 Trivialized Hamiltonian Dynamics as a Lagrangian Sub¬ 
manifold 

Proposition The Lagrangian submanifold defined by the eguation 

-{^TG®,^ydH = e^ (55) 

determines the trivialized Hamilton’s eguations (32). Here, is the tangent 

bundle projection and 6i is the one-form in Eg.(f6). 

Proof Under the global trivialization ^TT*G ofTT*G given in Eg. (38), the La¬ 
grangian submanifold (55) can be described as 

e 'TT‘G :{g,^t)€G®A. (56) 

The reconstruction mapping ()t'^T(G®g*)^ Eg. (52) maps S'to the La¬ 
grangian submanifold 

S'nam,-) = { (tR, (jh\ <^T(G®e’) (9,9) e GcDg-j 

^ ^ (57) 

which is the image of Hamiltonian vector field defined in Eg. (32). 
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Alternatively, using the trivialization of the exterior derivative 

- ^dH = -tr^*(G(D 0 *) o d (H) 
we obtain the Lagrangian submanifold 

s;t.t.g= € ‘rr-G: (s.fi) 6 G(|)s*| 

® (58) 

of ^T*T*G. The inverse of the isomorphism maps to the 

Lagrangian submanifold S' This description of S'lrpj,,^ is the usual form of 
Hamilton’s equation with respect to the symplectic two-form 

4.5 Legendre Transformation for Trivialized Dynamics 

In the previous section, the trivialized Euler-Lagrange equations (27) have been 
reformulated as the Lagrangian submanifold S itt*g described in Eq.(51). We are 
now ready to perform the Legendre transformation, that is to describe S itt*g 
from Hamiltonian side (bundles over G©g*) of the trivialized Tulczyjew’s triplet 
(39). 

Proposition The Lagrangian dynamics determined by the Lagrangian submani¬ 
fold Sitt*g Eg. (51) is generated by the Morse family 

= {L o ITttg) + a = L ((7,0 - (h, 0 (59) 

defined on the (right) trivialized Pontryagin bundle ^PG = G(E)( 0 X 0 *) over 
Here, the function A = is defined as to satisfy 

dA = 6*1 — 6*2 = — (/i, ^ 3 ) — (zz 2 , f) . 

Remark The right trivialization of the Pontryagin bundle PG = TG Xq T*G is 
tr},^ : TGxg T*G ^ G(S) (g x g*) =: ^PG 

: (Vg, Gg) {g, TgRg-iVg, TfRgag). 

In [12], the details of the trivialized Pontryagin bundle ^PG will be presented along 
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with the implicit trivialized Euler-Lagrange and implicit trivialized Hamiltonian 
dynamics on ^PG. 

Remark The potential function A is the value of canonical one-form Oo®^* on 
the right invariant vector field as given in Eg. (29). 

Proof The Morse family E^^^, in Eg. (59), determines a Lagrangian submani¬ 
fold St»{g®b*) 'o^hich can be described by the eguations 


a 


9 




6L _ 6E~^^^ 


-e, 0 





defined on the coordinates ( 0 ^, 0 ^) of T)^ (G©g*). The trivialization 

maps St*{g®s*) Lagrangian submanifold 


SL 61 5L 

S.T-T-a-\9.j^.T 


of ^t*T*G. The musical isomorphism in turn, maps S it*t*g to the 

Lagrangian submanifold S itt*g ia Eg. (51). 

Remark When we have L = I {(,), the trivialized Euler-Lagrange eguations re¬ 
duce to Euler-Poincare eguations. In this case, the Legendre transformation is 
generated by the Morse family 


= 1(0-{wo¬ 


rn 


The inverse Legendre transformation defines a Lagrangian formulation for the 
trivialized Hamilton’s Eq.(32) which is represented by the Lagrangian submanifold 
S'lj-rptQ described in Eq.(56). The following proposition shows how to find an 
alternative generating family for that will lead to its representation on 

the Lagrangian side of the triplet (39). 

Proposition The Morse family 

E^^~^ = {-H qI Tttg) -A = {iv,0-H (g, h) (61) 

defined on the trivialized Pontryagin bundle ^PG = G(s) (g x g*) over G(s)g de¬ 
termines the Lagrangian submanifold in Eg. (56). 
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Proof The Lagrangian submanifold St*{g®s) o/T* (G©g) defined by the Morse 
family (61) is given by 



where {ag,a^) are coordinates on (G©g). The trivialization ^^"^*( 0 ( 1 ) 0 ) 
Eg. (36) maps St*{g®s) Lagrangian submanifold 



of ^T*TG. The inverse of the isomorphism ^ac in Eg.(40) takes S it*tg to the 
Lagrangian submanifold in Eg. (56). 

Remark When H = h [p), the resulting Morse family 


E^^^ = {p,0-h{p) 


(62) 


generates the Lie-Poisson dynamics. 

5 The Reduced Dynamics 

5.1 Reduction of Tulczyjew’s triplet 

Application of the Marsden-Weinstein reduction for the left action of G to the 
iterated bundles in the trivialized Tulczyjew’s triplet results in symplectic projec¬ 
tions 


p irp^rpQ : ( ^T*TG,kl it*tg) ^ ( 3 « = X g X (63) 

• (l?)'C;-^5 A, , 

p it*t*g ■ ( ^T*T*G,kl it*t*g) idd = OxX q* x g,^^) (64) 

: (^,h, ^ (Aldg-iA,/r,^) , 

p irpT»G ■ ( ^TT*G,Ll itt*g) ( 3 /j = C>A X g* X gjfl^^) (65) 
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into reduced spaces, where Ox is the coadjoint orbit through A G g*. In the last 
line, we take the hber coordinate v = X — ad’^fi [14] in order to have convenience 
in projected coordinates as described by Eqs.(67) and (68) below, as well as in 
projections in Eqs.(70)-(73). 

Remark In [I 4 ], it is shown that, the left action of G on iterated bundles can be 
trivialized to act on the fiber variables A and u. That means, while performing 
symplectic quotients, one should consider, literally, the orbits Gx\{G x g x g*). 
However, to have a more clear notation, we prefer to take x g x g* which is, 
indeed, diffeomorphic to the correct reduced space [2]. 

Following [14], we have the reduced Tulczyjew’s triplet 


Oa X g X g* 


C>A X g* X g 



Oa X g* X g 


( 66 ) 



consisting of the symplectic diffeomorphisms 


'■ dd ^ ■ {X^d*g-iX, ^ [Ad*-iX,f, pf) , 

■ id ^ Ih'■ {Ad*g-iX, ^ {^Ad*g-iX, p,—f) 


(67) 

( 68 ) 


obtained from the trivialized symplectic diffeomorphisms and in Eqs.(40) 

and (41) by the equations 



The projections tTj^ and are trivial 


Hi • ii ^ Q'■ {Ad*g-iX,^, p) ^ 

Hd ■ id ^ 9 ■ {Ad*g-i\, p,f,) ^ f, 
• id ^ 9* ■ {Ad*g-iX, p,f) ^ p, 
■ ih ^ 9* ■ {Ad*g-iX, p,f) ^ p. 


(70) 

(71) 

(72) 

(73) 
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In reference [2], Hamiltonian dynamics on 3 ;, in connection with those on T*TG, 
was studied in detail. 


5.2 The Reduced Tulczyjew’s Symplectic Space 

In order to compute vector fields and one-forms on the reduced Tulczyjew’s sym¬ 
plectic space idi we will push the tensor fields on ^TT*G forward by the projection 
P ^TT*G- At the point z/), the tangent mapping of p itt*g is 


{P ‘TT*g) 


T,( ‘TT-G) ^ (Oa X 0- X 0) 

(Vi, v^, Vi, U) ^ ° v„ Vi). 


Pushing a right invariant vector field in the form given by Eq.(45), 

forward by p itt*g we arrive at the vector field 


^lv,v,0 ° Ad*-iA, V + ad*p, ( + [^, p]) (74) 

on 2 id- The Jacobi-Lie bracket of two such vector fields is 


vid 


vid 
1 ^ 

(fzv.c) 


= 


(75) 


Proposition The reduced Tulczyjew s manifold }d = Ox x q* x q is an exact 
symplectic manifold with symplectic two-form potential one-forms Xi o^'^d X 2 
whose values on vector fields of the form of Eq. (If) at a point (Ad*.iX,p,f] G 3 ^ 


are 

respectively. 


(^^,C> - (^^,0 - (A, [v,v ]), 

(76) 

{X,p) - {v,f ), 

(77) 

{x,p) + (/i,c), 

(78) 


Proof ITe recall definitions of the potential one-forms 61 and 62 Eqs.(f 6 ) and 
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(47). Define one-forms xi X 2 on id by the equations 


The exterior derivative of Xi in Eg. (77) gives the symplectic two-form Using 
the invariant definition of exterior derivative we obtain 


O • I Y^<^ 


= 

iv 




Xi, 


yid yid 


- (A, [v, v]) - {nd*fjV - ad*v,f) 
= {n,C) - {vX) - {>^AV,V]), 


(79) 


where we used the fact that {X,rj) is a constant for a fixed X, and the Jacobi Lie 
bracket in Eg. (75). Similarly, we can show = dx 2 . 

It follows from Eqs.(77) and (78) that the difference 


X2 - Xi = = dX 


(80) 


is an exact one-form on id. 

The explicit expressions of the reduced symplectic two-forms and on 
the product bundles h and ih can be obtained by the pull-back of in Eq.(76) 
with the symplectic diffeomorphisms x and X in Eqs.(67) and (68), respectively. 
The symplectic two-form is an example of the reduced product dynamics 
defined in proposition 5.4 of [36]. 

5.3 Euler-Poincare dynamics as a Lagrangian submanifold 

When L = I X), the trivialized exterior derivative ^dL in Eq.(54) becomes 

Xl:g^ ^T*TGX^ (^gX,adl^,^y (81) 
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The image of trivialized exterior derivative ^dl can be reduced to by composition 
with the projection map p it*tg iii Eq.(63). That is, we dehne 


d^\l = 


P ^T*TG ° 


; 0 —?■ 




where we choose g = e without loss of generality. Applying the inverse of 
the symplectic diffeomorphism x : 3 ,^ —)■ 3 ; in Eq.(67), we dehne Lagrange-Dirac 
derivative 

( SI SI \ 


Proposition The image of Lagrange-Dirac derivative dl, in Eq.(82), is a La- 
grangian submanifold of defining the Euler-Poincare equations (28). 

Proof Since, the trivialization map is symplectic, the image of ^dl is 

a Lagrangian submanifold of ^T*TG. The projection p it*tg symplectic, and 
hence the image of dP^l is a Lagrangian submanifold s^^ of ^i. The inverse sym¬ 
plectic diffeomorphism maps this Lagrangian submanifold to a Lagrangian 
submanifold of 3 ^. So, the image of dl is a Lagrangian submanifold of 
( 3 d, Under the global trivialization, is obtained to be 

Sjd = e 3 d:^G 0 |. (83) 

IThen L = I {(,), the Lagrangian submanifold S itt*g in Eq.(51) reduces to 

s irprp^Q = I ^e, —, 0^ G ^TT*G : ^ G 0 

and the first definition in Eq.(69) shows that the projection of s itt*g by p itt*g 
is The reconstruction mapping ^TT*G —)■ T (G(s) 0 *) in Eq.(52) takes s itt*g 
to the Lagrangian submanifold 

st{g®s*) = I ^ ^ ^ ^ flj 

ofT (G© 0 *), and this defines Euler-Poincare equations (28). 
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Alternatively, the formulation that uses the de Rham exterior derivative and 
the potential one-form X 2 in Eq.(78) goes as follows. 

Proposition The identity 

r;,dl = X2 

defines the Lagrangian submanifold in Eg. (83), hence the Euler-Poincare egua- 
tions (28). There, is the projection —)■ 0 , dl is the (de Rham) exterior deriva¬ 
tive of I on 0 , and X 2 is the potential one-form in Eg. (78). 

Proof We compute the value of exact one-from rf^dl = d {I o on a vector field 
^ in Eg. ( 74 ). At a point f Ad*_iA, /i, H , we have 



where ^ is the push forward of the vector field ^ by the projection 

from Id to its third factor 0 , that is, to the vector ( -f- [^, rj] in T^g ~ 0 . Eguating 
this to iw Eg. (78) gives the Lagrangian submanifold = im (Ol) in 

Eg. (83) via 


X 



and /i 




in coordinates {X,pL,f) of id- 


5.4 Lie-Poisson dynamics as a Lagrangian submanifold 

Consider a Hamiltonian function H on G(s) 0 * and define h : 0 * ^ M by i/ = h (p). 
With the trivialized exterior derivative 

- ^dh : 0* ^ : (^,p) ^ 

and the projection p it*t*g ■ ^T*T*G ih in Eq.(64), we dehne 


5r dfl J 


-d^\h = p 


it*T*G 


^d (—h) : 0*—)- : p —)■ 


CLCl ^ 

<5 m Ojl 
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by choosing g = e. Applying the inverse cu** of the symplectic diffeomorphism ui^ 
in Eq.(68), we obtain the Hamilton-Dirac derivative 

-dh = UJ^ O (-h) : g*-)- 3^ : /i -> ( ad^/i, /i, ] . (84) 

\ Sfj. dyU/ 

Proposition The image of the Hamilton-Dirac derivative —Dh is a Lagrangian 
submanifold of defines the Lie-Poisson equations (35). 

Proof The image of — ^dh is a Lagrangian submanifold of^T*T*G andp it*t*g 
maps this Lagrangian submanifold to a Lagrangian submanifold of The 
musical isomorphism takes to the Lagrangian submanifold of 
Thus, 


= im {—'Oh) = uj'^ oim {—h)) = oo'^ o p ° (~ ^dh^ . (85) 

From Eqs. (64) and (65) we have 


UJ" O p — p itT*G 


— V iTT*n O 


G®g* 


where is the inverse of the isomorphism in Eq.(41). This implies 

that is the projection p itt*g {s' itt*g) Lagrangian submanifold 


S ij’t*g 


= {(s.^l^.o) e 'TT'G:^<=A 


obtained from in Eq.(56) by substituting H = h{p). The reconstruction 

mapping ^TT*G —)■ T (G@g*) in the Eq.(52) takes to the Lagrangian 

submanifold 

6 h , 

—, ad 
op 


*shP^ eT{G®Q*) : /i e g*| 


'5r(G©0*) “ ^ ( 9,T'iTR, 


ofT (G(s) 0 *) which is the Lie-Poisson equation (33) equivalent to (35). 

Alternatively, with exterior derivative and the potential one-form xi in Eq-(77)5 
we have 

Proposition The equation 

-7i;/h = xi 
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defines the Lagrangian submanifold s'^ in Eg. (85) and gives the Lie-Poisson egua- 
tions (35). Here, is the projection id —^ 0 *? dh is the (de Rham) exterior 
derivative of h on 0 *, and Xi is the potential one-form in Eg. (77). 

Proof To prove this identity, we compute the value of exact one-from 7i)^dh = 
d{hoTTjd) on a vector field ^ over id. At a point iAd*.iX, , we have 






V + ad* p. 



ad*^p, rj 

5p 




where v c) push forward of the vector field ^ by the projection 

TT^d from Id to its second factor g*, that is to the dual vector v + ad*p in T^ 0 * ~ 
0 *. Eguating this to (xi^ v Eg. (77) defines the Lagrangian submanifold 

s'^d = ifn{dh) in Eg. (85) given in coordinates {X,p,f) of id by 


X = ad*shp and f 

5p. 


6h 

8p 


5.5 Legendre Transformation for Reduced Dynamics 

Being cotangent bundles, T*g = 0 x g* and T*g* = g* x g are canonically sym- 
plectic. It is possible to embed T*g and T*g* symplectically into the total space 
dd 


k : T*q^ Id: fr, p) {ad^p, p, f) , (86) 

(h : T*g*^ i^: {p,^) ^ {adlp,p,^) . (87) 

The following proposition shows how to dehne Lagrangian submanifold im (Ol) = 
s^d in Eq.(83) from the right wing (that is from the Hamiltonian side) of the 
reduced Tulczyjew’s triplet (66). 


Proposition The Lagrangian dynamics determined by the Lagrangian submani- 


fold in Eq.(83) is generated by the Morse family 


E^^^ = iloT,,) + A = l{0-{l^,0 ( 88 ) 


on the bundle 0 x g* —> g*. Here, A is a real valued function on g x g* obtained 
from the equation 

X2-Xi = dA = d{fi,f) 

where xi Oj'i^d X 2 are given in Eqs.(77) and (78), respectively. 

Proof In the trivialized cases, the Legendre transformations have been achieved by 
Morse families on the trivialized Pontryagin bundle G© (g x g*). Eor the reduced 
dynamics, due to the invariance under the group action G, the Morse families will 
be defined on G\ (G©(0 x g*)) ~ g x g*. Recall the generating object 


id 



where Cj is the embedding in Eg. (87). Aeeording to general theory of generating 
families (c.f. Eg. (6)), the Morse family E^^^ generates a Lagrangian submanifold 
st*s* ofT*Q* given by 


St;- = { (a, ^) € r-g- : (fi, {) = dE'^'' (fi, {)} . (89) 

Explicitly, the Lagrangian submanifold st*q* consists of two-tuples {61/6f,f). Hence, 
the image of st*q* under the map Cj is Sj^^. When the Lagrangian I is not regular 
then it is not possible to define a function h on g* generating In this case, we 
only have Morse family E^^^. 

Remark Recall that, the Morse family E^^^, defined in Eg. (60), is also a gener¬ 
ating family for Euler-Poincare equations. Here, the function E^^^ is defined on 
the Pontryagin bundle ^PG with base manifold G©g* whereas E^^^, in Eg. (88), 
is defined on T*q* with cotangent bundle projection. 

Now, we will establish the inverse Legendre transformation. The Hamiltonian 
dynamics is dehned by a Hamiltonian function h on g*. A Hamiltonian func¬ 
tional on 0 * dehnes the Lagrangian submanifold in Eq.(85), of The 
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following proposition shows how to generate using the left wing (that is the 
Lagrangian side) of the reduced Tulczyjew’s triplet ( 66 ). 

Proposition The Morse family 

= = (90) 

on the bundle 0 x g* —> g generates the Lagrangian submanifold in Eg. (85). 
Proof In this case, diagram is 


0X0 



where k is the embedding, in Eg. (86), ofT*Q into 3 ^. The Morse family E^^^ in 
Eg. (90) generates a Lagrangian submanifold 

St..= {(Cfi)er*0 (91) 

ofT*g (c.f. Eg. (6)). This Lagrangian submanifold consists of two-tuples {6h/6 fi, fi) 
k maps ST*g to When the Hamiltonian h is not regular then it is not possible 
to find a Lagrangian function I on g. In this case, we only have Morse family 

Remark Recall that, the Morse family E^^^, defined in Eg. (62), is another 
generating family for Lie-Poisson dynamics. E^^^ is defined on the Pontryagin 
bundle ^PG with base manifold G ©0 whereas E^^^, in Eg. (90), is defined on 
T*g with tangent bundle projection. 

To summarize, in order to use the classical formulations of generating objects, 
we employ the following reduced form of Tulczyjew’s triplet 

0 ^ 2)d ^ I 0* 



0 0 * 
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where we replace the total spaces h and ih by T*q and T*g*, respectively. The 
payoff is that the mappings k and Cj are symplectic embeddings bnt not isomor¬ 
phisms. 

6 Example: Diffeomorphism Groups 

6.1 Group Structure 

Gronp T) of diffeomorphisms on Q is a Lie gronp (see for example [4, 13, 29]). Lie 
algebra of V is the space X of vector helds on Q. The (right) adjoint action Ad 
of P on X is given by the pnll-back operation (p*X, for (p E G and X E X. The 
inhnitesimal adjoint action of an element Y G X on X G X is the Lie derivative 
of X in the direction of Y, that is CyX. The tangent space 

T^V = {X^ : Q ^ TQ : X^ = X o if ioT some X E X} 

at if E V consists of material velocity helds. The lifted gronp mnltiplication on 
the tangent bnndle TV is 


zutv {.X^, Y^) — Xi^oijj + Tip o Y^. (92) 

The right and the left trivializations of TV are 

tr-pp ; TV -E V X X : X^ — )■ {ip, X) (93) 

TV —}■ V X X X^p —>■ (^ip, ip*X^. 

After choosing the right trivialization we arrive at the semidirect prodnct 

gronp mnltiplication 




(94) 


on V(^X. The Lie algebra of V@X is X©X with semi-direct prodnct 


[(Xi, X2), (Fi, F 2 )]^(D^ = ([Xi, Fi], [Xi, F2] - [Fi, X2, ]). 


The dnal space X* of the Lie algebra X is the space (Q) (g) Den (Q) of one- 
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form densities on Q. The pairing between p (g) dP’q G X* and X G X is given by 
the integration 

{f^^rq,X)= [ {fx,X)Qrq, (95) 

Jm 

where d'^q is the top-form on Q. The pairing inside the integral is the natural 
pairing of hnite dimensional spaces TgQ and T*Q. The coadjoint action Ad* of P 
on X* is the pull-back operation ip* (p (g) d^q) ioi ip and fi ® d^q G X*. The 
inhnitesimal coadjoint action ad* of an element X E X on d^q G X* is minus 
the Lie derivative of p® d^q by X, that is 

ad*x : X* ^ X* : p® dAq —?■ — {CxP + {diVd^gX) p) ® d^q. (96) 

Here, divd^qX denotes divergence of the vector held X with respect to the top- 
form d'^q. The cotangent space at (p is 

T*V = {(/i^ ; Q T*Q) ® d'^q : pg, = p o ip, p e (Q)} . 

The pairing between T*V and is taken to be the right invariant integral. 
Cotangent lifts of right and left actions of V on T*V can be computed using 

T*o^Rp-^ {p^) = hW) = T*i}-^ o p^, 

respectively. The cotangent bundle T*T> is a Lie group with the group multipli¬ 
cation 

(yP<p^ pipoijj ~\~ T p) O 

The right and left trivializations of T*!) are 

; T*!) -E V x X* : p^, ® d^q —)■ {p, p ® dAq) 

: T*V -E V X X* : Pg, ® ddq —)> {p, p*p ® p*dP‘q). (97) 

We choose the right trivialization to arrive at the semi-direct product group struc¬ 
ture with multiplication 

((^, d ® (Rq) (Rq)) = (t’ ° (h + ® q^*d^q) 
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on the trivialization V(^X*. 


6.2 The Trivialized Dynamics 

Let L = L (y9, X) be a Lagrangian density on D(s)X, the trivialized Enler-Lagrange 
eqnations are 


JtJx 


6 L 

— oy? 
dip 


-1 




L generates a Lagrangian snbmanifold 


Sij’j't 


V 


6 L 6L 



(98) 


(99) 


of the trivialized Tnlczyjew’s symplectic space dehned by the semi-direct 

prodnct (P©X*) © (X©X*). Here, the trivialization map 


T (POX') ^ ‘rr*p : (Xy, Y„) ^ (v>, A ® Ctq, X, + Cxti + (divj.,X) jj. 0 ctq) 

( 100 ) 

realizes the relation between the Lagrangian snbmanifold Sitt*v and the trivi¬ 
alized Enler-Lagrange equation (98). The Legendre transformation of trivialized 
Enler-Lagrange equation can be achieved by the Morse family 


E{ip,p^rq,X) = L{ip,X)- [ {p,X)Qrq 

Jq 

on the Pontryagin bundle P© (X* © X) over TX^X*. 

A right invariant vector held on P©X* is given by 


/^) = ^ “ {diVdnqX) fi © d"^q). 


At (v?,/i © d'^q), the values of canonical one-form 9x>@x* and the symplectic two- 
form on the right invariant vector helds are 


Q 


v®x* 



[ {p,X)Qd^q, 

Jq 

f ®Y)^-{\,X)^ + ®lX,Y])ea'q. 

Jq 
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For a Hamiltonian function H on V(^X*, the trivialized Hamilton’s equations are 


dip 

dt 


5H 

(5/i 


, £^SH_P I dtUdriq 

dt \ op 


h- 


6 H 

dip 




-1 


( 101 ) 


where, due to the reflexivity assumption, 6 H/6p is assumed to be a vector held 
in the Lie algebra, and {5H/dp)^ is the material velocity held. The Lagrangian 
submanifold generated by the Hamiltonian function H is 


SlrpT*D — ^ 95 , P ' 


dS 

d g, —o(p 
dp dip 


-1 


(^d^q 


To establish the link between S[rprp,jy and Eq.(lOl), we refer to the trivialization 
map (100). The Legendre transformation of the Hamiltonian dynamics described 
by Eqs.(lOl) results from the Morse family 


E{ip,p®d^q,X)= [ {p,X)Qd^q-H{^,p) 
Jq 

on the Pontryagin bundle V(^ {X* © X) over V(^X. 


6.3 The Reduced Dynamics 

When the Lagrangian L is free of the group variable, we have L = I (X) and the 
trivialized Euler-Lagrange equations (98) reduces to the Euler-Poincare equations 


'^Ix 


-C 


dl 

^Jx 


{diVdr^qX) 


Jx' 


( 102 ) 


Similarly, when the Hamiltonian depends on the hber variable p only, H {g,p) = 
h {p), the trivialized Hamilton’s equation (101) gives the Lie-Poisson equation 


- = (103) 

In order to perform the Legendre transformations of the reduced dynamics, we 
present them as Lagrangian submanifolds of the reduced Tulczyjew’s symplectic 
space 0\X X* X X. Here, (Pa x X* x X is obtained by application of the Marsden- 
Weinstein reduction to the trivialized Tulczyjew’s symplectic space ^TT*T>, that 
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is 


^TT*V ^ C>a X X* X X : ( 93 , /i 0 d^q, X,v® d^q) ((p, (A 0 d^q), qi 0 d^q, X ), 

(104) 

where A = iy—Cxqi‘ — {diVdn.qX) fi. For a Lagrangian I on X, image of the Lagrange- 
Dirac derivative 

( A/ A/ A/ \ 

-CxT^ - (diVdnqX) — 0 d^q, — 0 d^q, X 
oX oX oX J 

is a Lagrangian snbmanifold of 0\ x X* x X. The image im (dl) determines 
Euler-Poincare eqnations. The Legendre transformation is generated by the Morse 
family 

= [ {qL,X)Qd^q 

Jq 

on the bnndle X* x X —?■ X*. Similarly, for a Hamiltonian h on X*, the image of 
Hamilton-Dirac derivative 

—Dh : X* —)■ Oa X X* X X : /i ^ (—C^qi — (divdnq^] p 0 dT'q, p 0 d^q, ^ ) 

V V <^/^/ 

is a Lagrangian snbmanifold of (Ta x X* x X and determines Lie-Poisson eqnations. 
The inverse Legendre transformation of the Euler-Poincare dynamics is generated 
by the Morse family 

{qi^d^q,X) = [ {qi,X)Qd'^q- h{qi) (105) 

Jq 

on the bundle X* x X —)■ X. 

7 Summary, Discussions and Prospectives 

We obtain trivialized and reduced dynamics for Hamiltonian and Lagrangian for¬ 
mulations of systems with conhguration space G. Following diagram summarizes 
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these equations and their representations by Lagrangian submanifolds. 



Dynamics 

Lagrangian Submanifold 

Trivialized 

Euler-Lagrange 

Equations 

on 

d SL p SL 1 SL 

dt ~ Sg 


c Ur*G 

Trivialized 

Hamilton’s 

Equations 

on 

dg _ rp TJ f Sh\ 

dt ^ e-rtg \5g J ^ 

-Jp = — Tg Rg-^ 

Sfj, 


[g,^f,-r-fl,f}c‘rr*G 

Euler-Poincare 

Equations 

on 0 

- If = 0 



Lie-Poisson 

Equations 
on 0 * 

— nd* n 

gjf- — 

6fj, 


ad|^/i,/r, g| C 3d 


We identify the following Morse families for trivialized and reduced dynamics. 



Morse family 

Bundle 

Trivialized 

Euler-Lagrange 
Equations 
on G ©0 


^©(0 X 0*) ^ ^©0* 

Trivialized 

Hamilton’s 

Equations 
on G© 0 * 

E^^^ (g, /i) = (/i, 0 - H ia, h) 

G^© (0X0*)“^ G©0 

Euler-Poincare 

Equations 

on 0 


0 X 0* ^ 0* 

Lie-Poisson 

Equations 
on 0 * 


0 X 0* 0. 
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Obviously, the form of dynamical equations obtained in this work depends 
on the trivialization we employed. What we refer to trivialization of the first 
kind carries the group operations to iterated bundles and contributes additional 
term due to semi-direct product structures. Higher order dynamics on Lie groups 
with adapted trivializations of higher order and iterated bundles as well as their 
symplectic and Poisson reductions are under investigation [12]. 

The reduction of Tulczyjew’s symplectic space can be generalized to symplec¬ 
tic reduction of tangent bundle of a symplectic manifold with the lifted symplectic 
structure. This could be the first step toward more general studies on the reduc¬ 
tion of the special symplectic structures and the reduction of Tulczyjew’s triplet 
with configuration manifold Q. 

Finally, we want to mention that the foremost example of degenerate sys¬ 
tem that falls into application area of present formulation is the Vlasov-Poisson 
equation of plasma dynamics which was, indeed, the motivation for this work. 
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